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It is proved that the [N, N + J] Pad& approximants to any meromorphic 
function converge in measure within any bounded region of the complex plane 
as N approaches infinity. 
1. INTRODUCTION 
Pad& approximants have been applied in an effort to overcome convergence 
problems in many areas, sometimes with considerable success [I]. However, 
except in the case of series of Stieltjes, very little has been proved about 
their convergence. The theorems that exist are unsatisfactory in that they 
postulate certain properties of the PadC approximants, and it is not known 
whether these are satisfied [2]. 
We have previously pointed out the connection between Padt approximants 
and approximations derived from stationary variational principles [3]. We 
have shown that, in some cases, variational principles lead to convergence in 
measure [4] rather than convergence in the normal sense [5], and have sug- 
gested that it may be possible to prove that Pad& approximants converge in 
measure. For a limited class of entire functions this has already been done [6], 
and in this paper the result is extended to any meromorphic function. A 
precise statement of the theorem proved here is 
THEOREM. Let P,(z) be the [IV, N + J] Pad6 approximant to a mere- 
morphic function F(x), and 9 be a closed, bounded region of the complex plane. 
Then, given any E, 6 > 0, there exists N,, such that, for all N > NO 
I P&l - O)l < e 
for all x E GN , where 9, C 9 and the measure of 9 - gN is less than 6. 
* Supported in part by the U.S. Air Force Office of Scientific Research, Office of 
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In the proof we shall assume without loss of generality that the region 52’ 
isgivenby/xI<l,andthatJ > 0. The proof depends on two important 
lemmas, one an algebraic property of PadC approximants and the other 
related to a classical maximum problem. We shall first state the lemmas and 
prove the theorem, leaving the proof of the lemmas to follow. 
Before stating the first lemma, we need to introduce some notation. If 
Q(z) is a polynomial of the form 
(1) 
we mean by [Q]: the expression 
[Ql”a = i 42. 
j=a 
(2) 
If an index is omitted it is taken to be 0, N for a, b, respectively. 
LEMMA 1. Let a function f(z) have the form 
f=g+$ (3) 
where 
2N+J 
dz) = C g# (4) 
j=o 
and Q, R are polynomials of order m - 1, m, respectively. Write the [N, N + J] 
Pad6 approximant to f as BID, where B, D are polynomials of order N + J, N, 
respectively. Then, if m < N + 1, 
(5) 
The second lemma relates to a polynomial D(z) = n:, (.a - x1) and states 
LEMMA 2. Whatever the values of zi , N, the inequality 
I D(z)1 < xgN 
holds in a region of the complex z-plane whose measure is never greater than 
3r x2. 
2. PROOF OF THEOREM 
Any meromorphic function F(z) may be written in the form [7] 
W = 44 + f CG(4 + JG(41 
i=O 
(6) 
PADi APPROXIMANTS 149 
where e(z) = CT=, e# is entire. The j-th term in the sum (6) is related to 
the j-th pole & of F(z), with / & 1 > 1 &-i / , and 
(7) 
The function Kj(z) is a polynomial which may be chosen in such a way that, 
given any p > 0 we may find n(p), cj > 0, with the property 
The sum CT=, <i is convergent with value C. 
Suppose we are given the S mentioned in the statement of the theorem. 
We choose x so that rr ~a < $6. Now set p = 81.~ and define polynomials Q, 
R, integer m, by 
(9) 
where 
R = fi (z - ai) (10) 
i=l 
The 01~ are the cj for j < n(p), repeated if necessary. For small enough 6, 
p will be large and we assume p > 1. 
In the region 1 z 1 < 1 the function 
H(z) = f [G,(z) + K,(z)] 
j=nb)+l 
is analytic and may be expanded as 
From (8) we deduce that 
1 hj 1 < cp-i. (12) 
Now define the function f of Lemma 1 as 
2NfJ do) 
f (4 = z. (ej + 4) zj + jFa W4 + g - (13) 
We assume in later developments that N is greater than the sum of m and the 
highest exponent of x that appears in &(z), j < n(p). 
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The difference between F(z) andf(z), 
F(Z) -f(Z) = (ej + hj) Zj, 
j=ZN+J+l 
(14) 
may be made as small as we please uniformly over 1 z 1 < 1 by taking N large 
enough. Consequently, since the [N, N + J] Pad& approximants to F and f 
are identical, to prove the theorem we need only show that the difference 
between f and its approximant may, by increasing N, be made vanishingly 
small over all of 1 z 1 < 1 except for a set of measure S. This set depends on N. 
Consider the first term of the formula given by Lemma 1 for the difference 
between [N, N + J] and f, namely - [Dg]2N+J+1/D. The numerator is a 
polynomial in z and contains no more than 2NN terms of the form 
with i 3 N + 1, no .zj being repeated in the product in brackets. We divide 
the zi into two sets so that 
I 3 I < 2, i<l 
I 3 I > 2, i > 1. 
With this information we deduce for 1 z I < 1 that 
Pgl 2N+J+1 D < zNNg 2 j fI (z - 4 1-l j=jjl j & / j=l 3 
(15) 
whereg is the maximum value of 1 gi 1 , i = N,..., 2N + J + I, and from (3) 
and (13) we have 
gi = ei + hi , i > N. (16) 
Lemma 2 shows that I n,“=, (z - zj)l-r > x-l except for a set of measure not 
greater than r x2 < 3 6. Thus, for all 1 z 1 < 1 except a set of measure 
< $8 we have 
W 2N4+1 
D 
1 < 2mNgx-J- < Ng (;) “. (17) 
Since e(z) is entire, and hi satisfies (12) with p = S/x, it follows that (17) may 
PADI? APPROXIMANTS 151 
be made as small as we please by increasing N far enough. A similar argument 
leads to the same conclusion for the second term of (5) and the theorem is 
proved. 
3. PROOF OF LEMMA 1 
We present a proof of this Lemma kindly provided by Dr. G. A. Baker, Jr. 
It is shorter and more transparent than the original derivation, 
From the definition of the Pad6 approximant we have 
B ‘d - g - ; = Q9N+J+l) 
so that 
[BR - QD - g DR]2N+J = 0. (18) 
Now d = [N, N + n -f may be written as 
d=~-f=(BR-QD-gDR, 
D PR) 
= [BR - QD - g DRI~N+J+I 
PR) * 
If m < N + 1 we have 
WI PN+J+l = [QD12~+~+l = 0, 
so that 
d = _ k DRhN4+1 
VW - 
Now [g DR],N+,+l may be written as 
k 4 BN+J+l = [R[D~~2N+J+~2N+J+l + [R[~E~2N+J12N+J+~ 
= RIDdzN+J+l + [R[Dg’12N+J12rv+J+1 
(19) 
which leads to the required result. 
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4. PROOF OF LEMMA 2 
This lemma is closely related to some classical results set forth, for instance, 
by Polya and Szegii [8]. It may be stated in terms of the function 
4(z) = Re In D(z), which serves as an electrostatic potential in two dimen- 
sions. Let A(Y) be the area enclosed by the equipotential 4 = Y. Then 
Lemma 2 follows if it can be shown that A(V) . IS not greater than the value it 
takes on when z, = as = *** = zN , say A,(V). Since A( V,) < A(l7.J if 
I-r < ITa , the result follows if we can show that V, > Vs if A( I’,) = d,( V,,). 
A result given in [8] leads to this immediately. It states that the capacity 
per unit length of two cylinders 4 = Vi , C$ = V, is not less than the capacity 
of two concentric circular cylinders with the same cross-sectional areas as 
+ = VI, lp = v* , respectively. If the radii of the circular cylinders are y1 , 
r2, we have 
v ‘1 v >, (In r2 - In yl)-l 
2 1 
or 
V2 - Vl < N(ln r, - In I~). (20) 
We note that V,, = N In rl . Also, since 4 N N In 1 x 1 + O(l z 1-l) as 
/ x / + cc, we deduce that, for large V2, r2 
V* ,T~ N In y2 + O(r,l). 2 
Taking the limit y2 + CO in (20) gives V, > V. as required. 
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